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Abst rac t - -We obtain sufficient conditions which ensure that all solutions of the first order non- 
linear delay difference equation 
Ayn + F (n, Yn-k) = O, n E N (no) (E) 
tend to zero as n ~ co. In (E), N(no) = {no, no + 1, no + 2,.. .  }, no is a fixed nonnegative integer, k 
is a nonnegative integer, F : N(no) × R --* R is a real-valued function, and Ayn = Yn+l -- Yn. 
Keywords - -Non l inear  difference quation, Asymptotic behavior. 
1. INTRODUCTION 
Qualitative theory of discrete processes has drawn considerable attention in recent years. In 
particular, oscillation properties of discrete analogs of delay differential equations have been 
studied recently by anumber of authors (see e.g., [1, Chapter 7]). On the other hand, relatively 
little is known about the asymptotic behavior of all solution of these discrete quations, see 
for example [2-7], and the references cited therein. For the general background of difference 
equations, one can refer to [8]. Recently, Yu and Cheng obtained the following theorem which 
improved a result of Ladas et al. [4]. 
THEOREM 1. Suppose {qn} is a posit ive sequence, and T is a nonnegative integer such that  
n+2r  oo 
limsup Z qi < 2, and Z qn = co, 
n---~OO 
i=n  n=0 
then the trivia/solution of 
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Axn + qnxn-~- = O, n = O, 1, 2 , . . . ,  
is globally asymptotica21y stable. 
The aim of this paper is to establish sufficient conditions, so that every solution of nonlinear 
delay difference quation 
Ayn+F(n ,  yn-k)=O,  neN(no) ,  (E) 
tends to zero as n ~ 0o. Where N(no) = {no + 1, no + 2, . . .  }, no is a fixed nonnegative integer, k
is a nonnegative integer, F : N(no) x R ~ R is a real-valued function, and for any n E N(no), 
F(n, .) is a continuous function with F(n,O) = O. For the linear case, our result reduces to 
Theorem 1. 
2. MAIN  RESULT  
In this section, we will use the Liapunov functional method to prove the following theorem. 
THEOREM 2 .  
that 
and 
Assume that there exists a nonnegative sequence {p(n)} defined on N ( no ) such 
F(n,x) 
0<~<p(n)  fo rneN(no) ,  xeR,  x¢0,  (1) 
X 
n+2k 
l imsup Z p (i) < 2. (2) 
n---*OO i----n 
Also suppose that for any constant c ~ 0 
CO 
I f(n,c)l  = oo. (3) 
n~nO 
Then every solution of (E) tends to zero as n --~ oo. 
PROOF. Let {y,} be a solution of (E). By assumptions, we may assume that Yn ~ O, for all 
n E N(no). We will prove that 
lim Yn = 0. (4) 
n--~OO 
For this, we rewrite (E) as follows: 
I r~--I I A y,~- Z f ( i+k ,y , )  +f (n+k,  yn)=O. 
imn-k 
(5) 
First we consider a sequence {zn } defined by 
Zn = Yn - -  
i=n-k 
F (i + k, y~)] (6) 
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Then from (E), we have 
[ n ]2[ n_i ], 
A~.= u,,+:- ~ F(i+~,y,) - y,,- ~ F( i+ky, )  
i=nT l -k  i=n-k  
= [Yn+: - Yn + F (n, Yn-k) - F (n + k, Yn)] 
[ ] • yn+:+yn-2  ~ F( i+k,  y i ) -F (n+k,y ,~) -F (n ,  yn_k) 
i -~n+l-k 
=-F(n+k,  yn) [2yn-2~F( i+k ,  y i )+F(n+k,  y n ) ] i = n _ k  
- F(n+k'yn)  [ -2y2 i=n-k ~ F( i+k,  y i ) -F (n+k,  yn) Yn] 
Yn Yi " 2yiyn -- F (n + k, Yn) Y. 
i-~n-k 
<_ F(i + k, yi) 
Yn Yi i=n-k  
_ F (n+k,  yn) -2+ F(i 2 
Yn Yn+ E F( i+k,y ,  ly, . 
i fn -k  i=n-k  
(7) 
Next we introduce another sequence cn as follows: 
c n = 
n- :  F( i+2k,  yi+k) n-:  
i=n-k  Yi+k j=i 
(8) 
Then, we have 
hen = Cn+l -- an 
F (n + k, yn) n-: 
Yn j=n-k  
+ F (n + k, y,,) yn 
F (i + 2k, Yi+k) 
i=n+l -k  Yi+k 
Using (6) and (8), and letting 
Yn -~ Zn + Cn. 
Then, from (7), (9) and (10) we obtain 
(9) 
(lo) 
AVn = Azn + Ac~ 
<_ F (n+k,  yn)Yn [ -2+ 
<_ F(n + k, yn)yn [ -2+ 
= F(n+k,  yn) yn [ -2+ 
< 0, eventually, by the 
~ F( i+k,  yi) 
i-~n-k Yi 
n 
v( i+k)+ 
i=n-k  
n+2k ] 
hypothesis (2). 
F (i + 2k, yi+k) ]
p (i + 2k)] 
¢=n+l-k 
(11) 
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It follows that Vn is nonincreasing eventually. On the other hand, we see tha Vn is nonnegative. 
Thus, the limit 
lim Vn = i (12) 
~---~ OO 
exists and is finite. By (2) and (11), we get 
lira F (n + k, Yn) Yn = O. 
n -"-~ O0 
From (8) and (2) we have eventually 
] _< ~ p(i+2k) • F(j+~,y~)y~ 
i=n-k  [j=n-k 
n- -1  
<2 ~ f ( j+k ,y~)y~-~0(~) ,  
j=n-k  
and hence, 
Which, together with (12), yields that 
lim c~ = 0. 
lira Zn = L. 
Since zn is a nonnegative sequence, it follows that the limit 
lim Yn - F ( i + k, yi ) = L 
i=n-k  
must exist. Now coming back to (5), we see that 
oo  
Z F (n+k,y , )<c~,  
n~n 0 
hence, 
which, together with (15), implies 
lim F ( n + k, Yn ) = O, 
n-4(X)  
(13) 
(14) 
(15) 
lim Yn = L. 
n- -~OO 
Finally, we will prove L = 0. In fact, if L # 0, then by (3), we can derive limn-~oo lYnl = c~ which 
is impossible. This shows L = 0, and so the proof is complete. 
When F(n ,  u) = p(n)u, (E) reduces to 
Ay,  + p (n)yn-k = O, n • N (no). (16) 
From our above result we obtain the following Corollary which is equivalent to Theorem 1. 
COROLLARY. Assume p(n) > 0, n • N(no),  (2) holds and that 
~p(~)  = ~, (17) 
then every solution of (16) tends to zero as n --* oo. 
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Consider the equat ion 
3. EXAMPLE 
Y,~+I - Y= + F (n, yn-1) = 0, n E N (no),  (18) 
where no = 1, k = 1 and 
X 
F (n, z) = p (n) 1 + x 2' 
with p(n) = n /a (n  - 1) (1 - (1/a)(n + l /n ) )  [1 + (n - 1)2a-2(n-1)], where a is a real number such 
that  a > 3/2 (in fact, a > 1 is enongh). 
It  is clear that  for each n E N(1) ,  F(n ,  .) is a continuous function and F(n ,  O) = O. When 
x # 0, we have 
0 < F(n ,  x_____)) _ p (n) < P (n). 
x 1 +x 2 
Since 
we have 
l imp(n)=l (1 -1 ) , -  
rt  ---.*oo a 
n+2k 
lim sup y~ p (i) = lim sup [p (n) + p (n + 1) + p (n + 2)1 
=-  1 -  <2.  a 
Further  from (19), we have for any constant c # 0 
(19) 
I F (n ,@ -- 1 + c 2 
n=l  n=l  
Thus, condit ions (1), (2) and (3) are satisfied. Therefore, by Theorem 2, every solut ion of (18) 
tends to zero as n --* oo. For instance, Yn = na-n  is such a solution. 
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